This paper relates Einstein's mass-shell equation to our proposed combined spacetime 4-manifold M [3] , which has the local geometry of {(t + it, x + iy, y + iz, z + ix)}. In solving the mass-shell equation for the energy E linearly, our approach, unlike that of the Dirac equation, is free from the presence of negative energies. Moreover, we find that a left-handed positron is identical to a right-handed electron with the time parameter's sign reversed, which coincidentally is supported by our finding that the Dirac equation does not square to the mass-shell equation unless one identifies anti-matter with matter. Thus, under the premise of the mass-shell equation the Dirac 4-dimensional spinor reduces to a 2-dimensional object, but by our geometry the remaining two dimensions of the spin states refer to the same physics by two different physical frames. Consequently the Dirac spinor becomes a 1-dimensional wavefunction that is subject to the description of the (first columns of) three Pauli matrices, which we re-interpret as a 3-dimensional motion in our combined 4-manifold with (0 + iy, 0 + iz, 0 + ix) in the wave universe coinciding with (y, z, x) in the particle universe. In this way we recast the Standard Model in our combined 4-manifold.
Introduction
This paper solidifies our previous result of the particle-wave spinning motions of all fermions and bosons by a direct derivation from the "mass-shell" equation, E 2 = (m 0 c 2 ) 2 + (pc) 2 , instead of using the Dirac equation as we did previously (see [8] ). In doing so, we eliminate the existence of negative energy as is present in the Dirac equation. We also identify anti-matter with matter --except in the setting of pair-creation/annihilation and any specially engineered isolation of the anti-matter. In this regard, we have found that the Dirac equation does not square to the mass-shell equation unless one identifies anti-particles with particles. We have found that a left-handed positron is identical to a right-handed electron with time reversed (cf. [11] ). We clarify that E = ω = hν > 0 with ω = 2πν > 0 can be cast in four alternative settings of using a real line = {t} to cover S 1 = {it}, that is, (±R) ×(clockwise, counterclockwise), and therefore anti-matter can readily take the guise of matter. In one of our earlier papers ( [9] ), we made a revision of the Planck energy formula to be E = hν + = the Heisenberg uncertainty energy due to the uncertainty of the phase at which the particle-wave emerges from our cosmic black hole B ⊂ M [2] (the wave universe) into the particle universe M [1] (see [8] ). With the uncertainty energy included in E, the massshell equation accounts for all entities of energy. Therefore, we maintain that our derived particle-wave motions account for all particles, which in particular admit motions that are unions of two semi-circles from two different planes and as such provide a different take on the spontaneous symmetry breaking of the Standard Model; that is, rest masses result from the intersections of the two semi-circles due to a consideration of the law of conservation of angular momenta.
In the following Section 2, we will first show that the mass-shell equation lends support to the local geometry
of our combined spacetime 4-manifold
the reason being that the factorization of
yields circular wave motions along two different planes in R 3 by an identification of the Pauli matrix
, which is our geometry. Section 3 will present a careful re-examination of the Dirac operator. We will show that a formal square of the Dirac matrix to result in the mass-shell equation is mathematically invalid (for the general practice of such an operation, see, e.g., [2] , p.287; basically the literature treats
as a vector in R 1+3 , which is valid if and only if this vector is applied to the same one scalar wavefuntion ψ, yet which is not the case of the (4-dimensional) Dirac spinor space consisting of four scalar wavefunctions). One must first operate the 4×4 Dirac matrix onto the two Dirac 4-dimensional spinors, 
composed of the four scalar position wavefunctions, and then square it. Even then, in order to arrive at the mass-shell equation, one must make the following identification ψ e + ,1 ≡ ψ e − ,1 and ψ e + ,2 ≡ ψ e − ,2 .
Finally we will conclude with a summary remark in Section 4.
2 The Combined Spacetime 4-Manifold as a Solution to the Mass-Shell Equation Proposition 1
Remark 1 For an elaboration of the above proposition, see [8] . As an added supporting argument, we cite from Feynman ([1] , III-10-14) about how the three Pauli matrices emerge from a pair of differential equations for solving for the probability amplitudes, C 1 and C 2 (≡ ψ 1 and ψ 2 in our notation), of the two alternative spinning states of an electron with magnetic moment µ in a given magnetic field B = (B x , B y , B z ) :
so that the Hamiltonian
Suppose that B = (0, 0, 1); then the two spinning directions must be ±z. Because of the conflict between {ψ 1 , ψ 2 } being two independent quantum states and {ψ 1 , ψ 2 } being two dependent vectors of directions ±z in linear algebra, to carry out matrix operations one may represent these two vectors as 
Now suppose that B = (1, 0, 0); then the two spinning directions must be ±x.
Combining the above two considerations B = (0, 0, 1) and B = (1, 0, 0), the standard choice has been the first alternative, to cast the equation of in the z direction. Lastly suppose that B = (0, 1, 0); then the two spinning directions must be ±y = ± Im (x + iy), implying that 
in support of our proposition on the geometry of T p M [3] .
Remark 2 Observing the above, we have the following analogous identifica-tions:
and
Then for the corresponding dual space, we have
i.e. a down-shift for column vectors and a right-shift for row vectors, a property that we will employ below.
Remark 3
To express the two spinning states of an electron as two orthogonal vectors in R 3 , the literature has implicitly adopted the tack of rotating the reference frame orthogonally to secure the opposite spin direction, as remarked by Feynman: "We could (emphasis original) have chosen our z − axis in its direction, and we would (emphasis original) have found two stationary states with the energies ∓µB. Just choosing our axes in a different direction won't change the physics (emphasis original)" (ibid., III-10-13). Indeed the second columns of the three Pauli matrices
, and (17)
result from a frame change of the first three columns via the following (orientation preserving) orthogonal transformation
In passing we note here that
That is, there exist exactly three physically equivalent frames F 1 , F 2 , and F 3 in describing the spin states of an electron. Thus, we extend σ z , σ x , and σ y to three 3 × 3 matrices with columns 2 = R(columns 1), and
as follows:
Thus, to answer Feynman's remark, σ x = (N, E) can be transformed into
, and similarly σ y ≡ (T, S) can be transformed into
Notation 1 All the matrix bases in this paper are the standard Euclidean basis: {e 1 ≡ (1, 0, 0), e 2 ≡ (0, 1, 0), e 3 ≡ (0, 0, 1)}.
All of our following calculations will be derived from the mass-shell scalar equation:
Then we have
to operate on
. Then we have the following solutions to be labeled as [ (1) 
(right shift by i by Equation (15)
implying that
.
(down shift by i by Equations (12, 13, 14) ) (41)
Combining the above (a) and (b), we thus have:
with the matrix product of (a) with (b) equal to the mass-shell equation resulting from the pair of complex conjugates.
(2) Forσ z :
which in particular are orthogonal to
(the herein implied other solutions ⊥ (∇ 1 , ∇ 2 , ∇ 3 ) to be addressed below). Again since the matrix product of (a) with (b) yields the shell equation, we have ±σ y being a solution for (P 1 , P 2 , P 3 ).
Remark 4 Since frames F 2 and F 3 describe the same physics as F 1 , we now describe the motion of a free electron-wave in accordance with F 1 only. Given
previously (cf.
[8]) we solved the Dirac equation as follows:
with the following wave motion relative to
with α determined below,
where
which describes a motion along two perpendicularly connected semi-circles that begins at W, travel through N to E, and then travel from E to T back to W, with the first three momentum directions being (N , E, T ) equal to the first three columns of (σ x ,σ z ,σ y ) respectively. That is to say, the motion of
is implied by the shell equation.
Remark 5
The above parameter
that establishes
is an implication and application of the Morse lemma that at any non-degenerate critical point of a function f on a manifold there exists a local coordinate system in which f is quadratic, i.e.,
Remark 6 The logic here is that to factor the mass-shell equation into two linear equations one must invoke the Morse lemma to arrive at E = m 0 c 2 + pc, which requires the satisfaction of the following two conditions:
(1) a 3-dimensional motion with momentum vectors such as N → E → T for F 1 , and (2) a particular parametrization of α = pc E−m 0 c 2 that determines the radius of the circular motion and thus the associated angular momentum.
Remark 7 Let Θ be any orthonormal transformation in R 3 ; then
i.e., the above three momentum vectors (N , E, T ), as from (σ x ,σ z ,σ y ) by frame F 1 , completely determine the circular motions along the two orthogonal planes.
Remark 8
Recall from Equation (60) that for the solution for the third momentum vector we arrived at (∇ 1 , ∇ 2 , ∇ 3 ) = ± (W, T, S), which implies that for frame F 1 the entire (y, z) − plane perpendicular to W at E provides solutions of the momentum vectors to the mass-shell equation, not just our previously selected T ≡ (0, 0, 1) . In our previous paper ([8]) we used 0,
≡ T NN , and (0, 1, 0) ≡ N respectively for quarks {u, c, t}, {d, s, b} , and neutrinos {ν e , ν µ , ν τ }, for the reason that in relation to ∠ (N, T) = , and ∠ (N, N) = 0 (radians) in proportions to the possessed electric charges. In this paper, we distinguish between the left-handed and the right-handed particles by their (opposite) spinning directions: For example, we have (W → N → E → T → W) and (W → T → E → N → W) along the two semi-circles respectively correspond to e − L and e − R , due to the sequence (σ x →σ z →σ y ) vs. its reverse (σ y →σ z →σ x ). We will use
, and ∠ (0, 0) ≡ 0 (radians) respectively to denote the left-handed {e − , µ, τ }, {u, c, t}, {d, s, b}, and {ν e , ν µ , ν τ }. radian), ∀ {a, b} ⊂ {0, 1, 2, 3, · · · , 10, 11} for a lefthanded particle,
: = (a field energy outflow beginning at W along the plane indicated by a to E, followed by its inflow from E along the plane indicated by b back to W );
: = (a field energy outflow beginning at E along the plane indicated by a to W , followed by its inflow from W along the plane indicated by b back to E).
Remark 9
By the above definition, we have the following representations for particles:
(78) ν : = (a, a) W,L ≡ (a, a) W,R , (cf. e.g., [4] ).
(79)
Conjecture 1 As mentioned in Section 1, with the uncertainty energy included in E, the mass-shell equation accounts for all entities of energy. Therefore, we maintain that our derived particle-wave motions account for all particles. As such, the remaining possibility for a distinction among the three generations of particles must be the winding numbers; i.e., e.g., µ L = (a, a + 15) W,L . Thus, tentatively we assign winding numbers 1, 2, 3 to the three generations in {e − , µ, τ }, {u, c, t}, {d, s, b}, and {ν e , ν µ , ν τ }.
Remark 10 Previously ([8]) we described the pair-creation of e −
L , e + L by two photon-waves as
so that e − L and e + L have the opposite momentum directions, shown as ±σ x , ±σ z , and ±σ y above. As such, anti-particles are represented by −σ x , −σ z , and −σ y .
Remark 11
We now explain the well-known scarcity of antimatter (cf. e.g., [5] for baryon asymmetry and CP violation being inexplicable in the Standard Model, and [11, 12] for the persistent laboratory observations that in the paircreation processes the production of ordinary particles being favored over that of the anti-particles such as in Λ b andΛ b ).
First, any orientable manifold X can be oriented in exactly two ways due to the fact that T (X) ≡ {(x, v) | x ∈ X, v ∈ T x (X)} possesses exactly two equivalence classes of bases for T x (X) across x ∈ X by the equivalence relation of a positive determinant of a linear transformation between any two bases.
Second, one can use real numbers to cover S 1 in the following four settings: (i) wrapping R around S 1 counterclockwise, (ii) wrapping R around S 1 clockwise, (iii) wrapping −R around S 1 counterclockwise, and (iv) wrapping −R around S 1 clockwise, with (i) ≡ (iv) and (ii) ≡ (iii). Since velocity relates the three spatial coordinates to time t, reversing t alters the sign of the velocity and thus the momentum and charge (cf. e.g., [3] ).
Third, by our combined 4-manifold, in the above we demonstrated that E = ω > 0 and accordingly ω > 0.
(81)
where (−c) can be interpreted as a change of setting between (i) and (ii).
and − k can be disguised as k via a change of setting between (i) and (ii), for S 1 is not a physical object (of energy). Fourth, the same physics is described by all the reference frames that are related by the Lorentz transformations of a proper orthochronous Lorentz group L, which contains in particular all positively oriented orthonormal spatial linear transformations. As such, given any fixed frame within L, one has
describe ± charge and thus matter vs. anti-matter, shown above as ±σ x , ±σ z , and ±σ y . Fifth, fix a frame within L with t ≡ (1, 0, 0, 0) ∈ R 1+3 (with S 1 clockwise),
, and z ≡ (0, 0, 0, 1) ∈ R 1+3 . We now re-express a left-handed positron e + L := (6, 9) E,L (Equation (80) ).
(84)
[
Step 1]
Step 2]
Step 3]
As such,
the time parameter's sign reversed, which is undetectable, so that matter ≡ anti-matter, except in the setup of (89) pair-creation, annihilation, or isolated in a specially engineered environment.
Remark 12
We have for weak bosons the following representations:
Thus, for example,
Dirac Equation as the Basis of the Standard Model
We begin at the same starting point of the mass-shell equation
with the following two general observations on the existing treatment in the literature:
(1) Whereas we had an immediate explicit solution for ψ (t, x, y, z) of the mass-shell equation, the literature need resort to a Fourier transformation of ψ to yield its momentum-space presentation for a solution of decomposed planewaves.
(2) The formal extension of the operator
in its application onto ψ (t, x, y, z) ∈ C to its application onto Ψ (t, x, y, z) ∈ C 4 (see, e.g., [2] , p. 284, 288, 290) is mathematically invalid, as to be shown below. 
We next consider c·{σ
where the three Pauli matrices σ x , σ y , and σ z effectively specify, as in Section 2 of our model, the three momentum directions for either of the two spin states --1 and 2. Thus similarly,
Next we multiply the following 4 × 4 matrix (Dirac operator) by a 4 × 2 matrix (the two spinors) to arrive at the Dirac equation (cf. e.g., [7, p. 83] and [13, p. 575-576] for an equivalent treatment, where the four rows of the Dirac operator in Equation (98) below are chosen to be the basis of the vector space, but with ∓a 11 split into ∓a 11 = ∓p z and a 12 = p x ∓ ip y , and ∓a 22 split into ∓a 22 = ∓p z and a 21 = p x ∓ ip y , so that the operator takes the form of the identity matrix I 4 resulting in the same solutions as the four equations (99), (100), (101) and (102) below), 
Thus,
The total energy of a particle − the kinetic energy of its anti-particle = the rest energy of the particle,
implying that particle ≡ anti − particle, i.e., (104) ψ e + ,1 = ψ e − ,1 and ψ e + ,2 = ψ e − ,2 , in agreement with our earlier observation (cf. Equation (89). However, there is the problem of negative energy (for the acceptance of which as a physical possibility, see, e.g., [10] ) in E e − ,1 − p e + ,1 c = −m 0 c 2 ψ e − ,1 , and
which, as addressed in Section 2, can be resolved by changing the sense of rotations around S 1 (maintaining the angular frequency ω > 0, cf. Equation (81)) and thus reversing the electric charge, resulting in (E e + ,1 , E e + ,2 ); i.e., for i = 1, 2, −i ∂ ∂t ψ e − ,i + a ii ψ e − ,i ≡ i ∂ ∂t ψ e + ,i − a ii ψ e + ,i , a view taken by Feynman (cf. e.g., [7] , p. 75).
We now check if the Dirac equation satisfies the mass-shell equation. Since ψ e + ,1 = ψ e − ,1 ≡ ψ 1 and ψ e + ,2 = ψ e − ,2 ≡ ψ 2 , the Dirac operator takes the following matrix of values
so that
as desired. Here we note: (1) It is not valid to square the Dirac operator per se, as found in the literature. Basically the Dirac operator is a 4 × 4 matrix composed of real scalars {a} ⊂ R off the main diagonal and differential 1 − f orms {ω i | i = f, g, h, l} applied to t ≡ (1, 0, 0, 0) ≡ e 1 on the main diagonal, and the matrix is to be applied to a pair of Dirac spinors composed of the four scalar functions, f, g, h, l, so that in generic mathematical terms we have
Then the common treatment has been the following formal square of the operator,
so that operating it on the two spinors, we have
showing in particular, as from the second term in row 1 and column 1 of the above Equation (111), the invalid operation of
where ω f by definition is to be applied to function f . To be clear, if we express
and then take its square, we obtain
Summary Remark
In this paper we have factored the mass-shell equation into a pair of complex conjugates that (1) lends support to the geometry of our combined spacetime 4-manifold {(t + ti, x + yi, y + zi, z + xi)}, (2) eliminates the problem of negative energies, (3) explains pair creation of matter and anti-matter and at the same time the scarcity of anti-matter, and (4) re-asserts our particle-wave motions that explain the spontaneous symmetry breaking and the nuclear interactions of the Standard Model (for the strong force, see [8] ). We have also examined the internal logic associated with the Dirac equation and found that (1) a formal square of the Dirac operator is mathematically invalid, (2) in order to square the Dirac equation to the mass-shell equation one must identify anti-matter with matter, thus reducing the dimension of the spinor space from four to two, (3) the two spin states represent a change of reference frames by our linear transformation R in R 3 , thus reducing the dimension of the spinor space from two to one, and (4) the remaining single equation of E = m 0 c 2 + pc, which we share, is a manifestation of the Morse lemma. Since the 4-dimensional spinor space and spontaneous symmetry breaking underlie the Standard Model, we have recast the Standard Model in our combined spacetime 4-manifold M [3] .
